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eston’s Mode
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Heston’s Model

e spot S
dS(t) = t)dt + /v (t)S(t) dWi(t
e squared volatility v follows a mean reversion process

dv(t) = k|0 —v(t)] dt + &/ v(t) dWs(t)

e two correlated Wiener processes W, and W5 with corre-
lation coefficient p



Domain

e time: t € [0, 7]
e variance: v € [0, 00)
e spot: S € (0,00)

e logarithm of the spot: log% € (—00,00)



Heston’s Partial Differential Equation

e option price w(t,v,x), T = log%

1 1
0 = w+ §§2vww + PEV Wy, + §fuwm
1

+[k(0 —v) — A|wy, + (rg —rf — §v)wx
—Tquw

w(T,v,x) = g(Ke")

e 2nd order parabolic PDE



Heston’s PDE

w+V - -AVw— -V — cw, =0

diffusion convection reaction

1 [ & pg [ k(0 =) + I+ L€
A_QU{Pﬁ 1} b_{—("“d—rf)Jr%U*%pr




Direction of the

!

Ll

I

!

Td<:Tf
X SNANNSNANNANNNC PP, P
SKANAANANANNANNYNTY VPN in)1_l L
SNANANANANANSNY PP A A A
0.02 NANNANANNNN N PSP IR A A A A 174!
SAAANNANNNNN PP PP A A 4
NANANANNNANNNY NPT P Y Y I
NANKANANNRNN NP PP IR A A A A A A A Yoo
b T N N N N U U T Y A Y A S A R e R R e rad R
NANSNANANANNNNN Y PPPIATAAAAA A AN A Y. 00
NANSNANANNNNNV PP AT P
5\}}5\\}%frf/{//({//f{{/(/{/( 1., ..
O+~~~ ' 1t ' 22 ' oA A KXYy
\\\\QQQ$1frqu///qgi§///qgg/1 ﬁ‘{‘f
x\x\\\\\tfrt///////Y///////// O (AL
SNANANANRNNNSNN SR P I A A AT AT A A {440 8
L N N N N Y T T S A R S il A A i e e VY Y Y
NANARNANANNNSNTV NN AT AAAA 544
NAANANANNNNSN N N PP A A A A Ay |
002 SNANANANNNNNC NP AT P
- NANAANNANNANNN SR AAAT A _1: P
LN N N Y U U O T Y Y B R R B S P P i e e e P et
NANRNSNANANNNNT P P P PP IR A A A A A 140000
AN N VL U U U B Y Y B R R B B P P A R R I B e e
T N N L T S T B A A S e e s 4101_ A
NANANANNNNN NN PP A A N A [ Y A
NANAAANANNNSNN NPT AT A E A A A

‘-

4



Existence, Uniqueness?

e unbounded domain: [0,7T") x [0,00) X (—00, 00)



Existence, Uniqueness?

e unbounded domain: [0,7T") x [0,00) X (—00, 00)

e to be Investigated:

— existence and uniqueness of a solution
— numerical methods to find the solution



Bounded Domain

e choose a bounded domain:

Qt — [OaT] X (Umimvmaa:) X (wmmaxmaaz)
N— e ————
Q)



Bounded Domain

e choose a bounded domain:

Qt — [OaT] X (Umimvmaa:) X (wmmaxmaaz)
N— e ————
Q)

e adequate boundary conditions

— Dirichlet boundary conditions at 3 sides: v = v,ip,
V = Upar aNd T = T,in,
— Neumann boundary conditions for boundary x = x4



Semidiscretization

o discretize the time: t* = k7, k=0,...,N

e replace the time derivative by a difference quotient



Semidiscretization

o discretize the time: t* = k7, k=0,...,N

e replace the time derivative by a difference quotient

= sequence of elliptic PDEs with initial conditions



Variational Formulation

find functions w*(t*, v, x) such that

a(w',¢) = (Fy) W

a(w® ) = /QAVwk-V@b%—%/ﬂ(b-Vwkw—wkb-Vw)

1 1
+ /(c — §V : b)wkw + 5/ glwkw
Q T,

(F*0) = fou)+ / gat
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Existence and Uniqueness

e Theorem: The given problem has a unique solution if
Umin 1S NOt too small and if the downward flow is weak.

e Proof: Check all assumptions of the lemma of Lax and
Milgram.
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Introduction to Finite Elements

e domain 2 = (0,1) x (0,1)
e boundary I' = 012, parts I'p, I'y

e (partial) differential equation

Lu = f in{)
gp on I'p Dirichlet b.c.
gy on I'y Neumann b.c.

U
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Variational Formulation

e multiply with test function and integrate

/Q (Lu)pde — /Q foda
(F' o)

a(u, )

e bilinear form a(-,-)

e linear form (F’-)
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Selection of Spaces

e define linear spaces

V = {p:alp, @) < oo}
Vo = {peV:ip=0o0onTp}

Vi, = {peV:p=gponlp}
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Task

Find v € V, such that

a(u,p) = (F,p)  VpeVy



Task

Find v € V, such that

a(u,p) = (F,p)

or with any g € V, find w € Vj such

a(w,p) = (F,p) —a(g,p)

note: w =u — g.

Vo e V)
that

Vo e Vg
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Discretization

e choose a finite dimensional subspace Vj;, € V|

e choose a basis {p;,1=0,... ,N} C Vyu



Discretization

e choose a finite dimensional subspace Vj;, € V|

e choose a basis {p;,1=0,... ,N} C Vyu
N

e find a discrete solution of the form wy, = > w;p;
=0

a(wn, i) = (Fyei) —alg,pi) 1=0,... N
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Discrete task

e solve a linear system of equations

Kpwy,
K
F;

1, )

Fy

= a(yj, i)

<F7 902> o a(ga%)
—0,...

, N

aC

K To star
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Finite Element Solution

e starting point: variational formulation
a(w, ) = (Fy) W el

e select a mesh 7, of the domain {2
e select test functions ¢;

e compute discrete solution wy € Vi, = span{y;}

18



mesh ({top view)

Meshes

2

01

02

0.3

04

0.5

2

mesh ({top view)

01

02

0.3

04

05

19



Test Functions

e piecewise linear test function ;

AN
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Mappings

e map all triangles onto the unit triangle

e do all computations on the unit triangle

e local test functions
(0,1)

po(x,y) = 1—x—y 2

¢l($7y) - X
@2(33,y) — Y

(0,0) (1,0)
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Assemble the Matrices

e compute integrals for each triangle
= K; and F}

e solve Khwh = Fh
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Boundary Conditions

boundary | formula

V= Upin | W(t,0,2) = Ke* " T=8(d;) — Ke "dT=)®(dy)

V= Umaz | W(t, Vmas, ) = Ke®TrT=Y)

T = Tmin | W= A0, Umaz, Tmin) + (1 — Nw(t, Vmin, Tmin)
A= i

T = Tomax %w(t, V, Tynaz) := AVw -1 = %erx_rf(T_t)

23



Parameters

¢ =05 p=—-01\=0,
k= 2.5, 0 =0.06,
rr =log(1.048), ry = log(1.052),
K=1 1T=0.25
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Solution
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Numbers

method result time
Black-Scholes (o = /vg) | 0.04549 | O
Heston, analytic 0.04494 | O
~EM, mesh 1 0.04142 | 65s
~EM, mesh 2 0.04400 | 327s
FEM, mesh 3 0.04459 | 2522s

ack to star
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The End

e Thank you for your attention.

e Where to get these slides:
http://www-user.tu-chemnitz.de/ wgu/diplom/diplom.html
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